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\S 1.
$g$ $n$ $2g-2+n>0$ $0$ 9
$n$ $\Sigma_{g,n}$ $S$ $S’$
2 Riemann $\Sigma_{g,n}$ $S$ $S’$ $f$ : $\Sigma_{g,n}arrow S$
$f’:\Sigma_{g,n}arrow S$‘ $\phi:Sarrow S$‘ $(f’)^{-1}- 0\phi of$ $id_{\Sigma_{g,n}}$




$\rho([f1], [f_{2}]):=$ $\frac{1}{2}\log$ inf{ $\kappa$ ( $\phi$)l $\phi$ $f_{2}of1^{-1}$ }
$\kappa$ global dilatation
$\rho$ Teichm\"uller metric $\mathcal{T}_{g,n}$
Teichm\"uller . $\mathcal{T}_{g,n}\mathfrak{l}hR^{6g-6+2n}$
$C$ $H^{2}$ $\overline{C}$ $C$
Definition 1.1. Riemann $S$ circle $p^{x}acking$ & $\dagger$f $\grave$ $S$ $C$
:
$\bullet C$ 2 $C_{1\text{ }}C_{2}$ $Int\overline{C_{1}}\cap$ Int–C2 $=\phi$
$\bullet\overline{C_{1}}\cap$ C2 $\neq\phi$ ( )
( $C_{1\text{ }}C_{2}$ )
$\bullet$ $C\in C$ $C$
Circle packing $C$ disk packing $\overline{C}$
$\overline{C}=\{\overline{C}|C\in C\}$
3 $C_{1\text{ }}C_{2\text{ }}C_{3}$ 1 $H^{2}\backslash \bigcup_{i=1}^{3}\overline{C_{i}}$
1
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Definition 1.2. $\mathcal{T}_{g,n}$ [f] $=[f :\Sigma_{g,n}arrow S]$ Riemann $S$
circle packing $C$ $S\backslash \cup\overline{C}$ –$=$ $[f|$
$=[f :\Sigma_{g,n}arrow S]$ $\mathcal{T}_{g,n}$ circle packing point $C_{g,n}$ circle packing
point $\mathcal{T}_{g,n}$
[4] Theorem 1.3
Theorem 1.3. $C_{g,n}$ $\mathcal{T}_{g,n}$ dense
Theorem 1.3 $n=0$ \S 2 $3$ $4$ [4]
Lemma $n=0$
\S 2. $H^{2}$ –$=$ emma
$(a, b, c)\in(0, \infty)^{3}$ 3 $a+b$ $b+c$ $c+a$ $H^{2}$
$T(a, b, c)$ 2 3 ( $a$ $b$ $c$
) $T(a, b, c)$
$Z$
2 Lemma [2]
emma 2.1. $(a, b, c)$ $(a’, b’, c’)\in(0, \infty)^{3}$
$\bullet$ $a\leq a’,$ $b\leq b’,$ $c\leq c’\Rightarrow AreaT(a, b, c)\leq AreaT(a’, b’, c’)$
$\bullet$ $a\leq a’,$ $b\leq b’,$ $c\leq c’i^{a’}\supset(a, b, c)\neq(a’, b’, c’)\Rightarrow AreaT(a, b, c)<AreaT(a’, b’, c’)\square$
$emm$a2.2. $b$ $c$ $\alpha$ $\beta$ $\gamma$ $a$
$\alpha(a)$ $\beta(a)$ $\gamma(a)$ $\lim_{aarrow\infty}\alpha(a)=0$ $\lim_{aarrow 0}\alpha(a)=\pi$
$\square$
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Lemma Theorem 1.3 key
emma2.3. $0<t<\infty$ ty $H^{2}$
$t$ $tT$ $t$
Lemma 2.3 ( [4] )
ty $\xi$ (t) $\eta(t)_{\text{ }-}\zeta(t)$
$\cos\xi(t)=\frac{\cosh ty\cosh tz-\cosh tx}{\sinh ty\sinh tz}$
$t$
$\frac{d\xi}{dt}(1)=-\frac{1\sinh x}{\sin\xi(1)\sinh y\sinh z}(y\cos\zeta(1))+z\cos\eta(1)$
$x$ $y$ $z$ $3$ Euclid $E^{2}$ –$=$ ( $x$ $y$ $z$
$X$ $Y$ $Z$ )
$y\cos Z+z\cos Y-x=0$





emma2.4. $0<\lambda<\Lambda<\infty$ $\epsilon>0$ $\lambda$ $\Lambda$ $\epsilon$
$\delta=\delta(\lambda, \Lambda, \epsilon)>0$ $(a, b, c)\in[\lambda, \Lambda]^{3}$
AreaT$(a+\epsilon, b, c)-AreaT(a, b, c)>S$
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emma 2.5. $(a, b, c)\in(0, \infty)^{3}$ $\{(a_{i}, b_{i}, c_{i})\}_{\underline{i}=1}^{\infty}$ $iarrow\infty$ $a_{i}arrow a$ $b_{i}arrow b$
$c_{i}arrow c$ $f_{i}$ : $\partial T(a, b, c)arrow\partial T(a_{i}, b_{i}^{-}, c_{i})$ $T(a, b, c)$ $T(a_{i}, b_{i}, c_{i})$
linear piecewise linear
: $T(a, b, c)arrow T(a_{i},$ $b_{i}$ , ci $)$ ;
st. $\kappa(F_{i})$ quasi-conformal dilatation $\lim_{iarrow\infty}\kappa(F_{i})=1$
$H^{2}$ (
)
\S 3. Brooks parameter
$H^{2}$ 4 $C_{1\text{ }}C_{2\text{ }}C_{3\text{ }}C_{4}$ 3
$H^{2}\backslash \bigcup_{i-1}^{4}\overline{C_{i}}$ $I$ 4 $C_{1\text{ }}C_{2\text{ }}C_{3\text{ }}C_{4}$
$Q$ $C_{2}$ $C_{4}$
$\lambda$ 3 $C_{4}$ ( 4)
$C_{2}$ $C_{4}$ ( $I$ 2 –$=$ )
$\lambda$









3 $I$ $C_{1\text{ }}C_{2\text{ }}C_{3}$ $I$
horizontal circle $C_{1\text{ }}C_{2\text{ }}C_{4}$ . $I$ $c$
vertical circle $I$ horizontal circle vertical circle 1
(horizontal vertical )
$I$ horizontal circle vertical circle 1 $I$ 4
( horizontal vertical )
$I$ 2 –$=$ 1
horizontal
circle $\theta^{a}$ vertical circle
4 $arrow$
$\text{ ^{ }}$
Brooks packing $\{n_{i}\}_{i=1}^{\infty}$ (
$I$ ) :
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$n_{1}$ : $=$ vertical circle horizontal circle







$I$ Brooks packing $\Leftrightarrow\beta(I)\in Q$




$\beta$ $\mathcal{Q}$ $\beta$ $\mathcal{Q}$ Brooks parameter
$\vee$ Brooks parameter $\beta$ $\mathcal{Q}$ formulate $\Gamma i$ $C_{i}$
$(i=1,2,3)$ &U $\grave$ $\alpha kQ_{\lambda}$ $C_{2}$ $(r_{1}, r_{2}, r_{3}, \alpha, \beta)\in R^{5}$
$r_{1\text{ }}r_{2\text{ }}r_{3\text{ }}\alpha$ $C_{1\text{ }}C_{2\text{ }}C_{3}$ $\beta$
$\mathcal{Q}$ $C_{1\text{ }}C_{2\text{ }}C_{3}$ $\beta$ $C_{4}$
$I$ $Q$ $Q$ $Q(\beta)$ $Q(r_{1}, r_{2}, r_{3}, \alpha, \beta)$










$\bullet Q(\beta)$ $Q(\beta_{0})$ $\epsilon$
$\bullet\beta\in Q$ (i.e., $Q(\beta)$ Brooks packing )
3 $\hslash\pi$//$\acute$ .Q- Lemma 2.3
Lenuna $0<t<1$
$C_{1\text{ }}C_{2\text{ }}C_{3\text{ }}C_{4}$ $t$ $tC_{1\text{ }}tC_{2\text{ }}tC_{3\text{ }}tC_{4}$
$C_{1\text{ }}C_{2\text{ }}C_{3\text{ }}C_{4}$ $tC_{1\text{ }}tC_{2\text{ }}tC_{3\text{ }}tC_{4}$
$tC_{1\text{ }}tC_{2\text{ }}tC_{3\text{ }}tC_{4}$
$tQ$ $\langle$ $t$ 1 $tC_{1\text{ }}tC_{2\text{ }}tC_{3\text{ }}tC_{4}$
emma3.2. $0<t_{0}<1$ $t_{0}<t<1$ :
$\bullet tQ$ $Q$
$\bullet$
$\bullet tarrow 1$ $tQ$ $Q$ $\square$
\S 4. Labelled simplicial complex &circle packing labelled cell
complex
simplicial complex $=$ (2 )
Simplicial complex $K$ label $R$ $K$
$R:K^{(0)}arrow(0, \infty)_{\text{ }}$ Label simplicial complex $K(R)$
labelled simplicial complex Labelled simplicial complex I (R) 2
$\sigma$ 3 $v_{1\text{ }}v_{2\text{ }}v_{3}$ 3 $R(v_{1})+R(v_{2})$ $R(v_{2})+R(v_{3})$
$R(v_{3})+R(v_{1})$ $H^{2}$ –$=$ $T(R(v_{1}),R(v_{2}), R(v_{3}))$ $T(\sigma(R))$
$K$ 2 $\sigma$ $T(\sigma(R))$ $K$
$T(\sigma(R))$ $|K(R)|$ $|K(R)|$ $K^{(0)}$ $2\pi$
cone angle $v\in K^{(0)}$ $|K(R)|$ cone angle $\theta$v(R)
Definition 4.1. Labelled simplicial complex $K(R)$ subpacking $v$
$\in K^{(0)}$ $\theta_{v}(R)\geq 2\pi$ $K(R)$ packing
$v\in K^{(0)}$ $\theta_{v}(R)=2\pi$
Simplicial complex $K$ $\mathcal{R}:=$ { $R$ :label of $K$ 11 (R) :subpacking} &k$\grave$
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([2] [3])
Lemma 4.2. $\mathcal{R}\neq\phi$ $\tilde{R}(\in \mathcal{R})$ $K(\tilde{R})$ packing




$\tilde{R}$ : $K^{(0)} \ni varrow\sup_{R\in \mathcal{R}}\{R(v)\}\in(0, \infty]$
$v\in K^{(0)}$ $\tilde{R}(v)<\infty$
$K(\tilde{R})$ subpacking $\mathcal{R}$ 2 $R_{1\text{ }}R_{2}$
$R$ $:= \max\{R_{1}, R_{2}\}$ $K$ $v$ $R_{1}(v)\geq R_{2}(v)$
( $R(v)=R_{1}(v)$ ) $\circ v$ $v’$ $R(v’)$
$\geq R_{1}(v’)$ Lerna 2.2 $\theta_{v}(R)\geq\theta_{v}(R_{1})$ $K(R_{1})$ subpacking
$\theta_{v}(R_{1})\geq 2\pi$ $K(R)$ subpacking $K(\tilde{R})$ subpacking
$\theta_{v}(\tilde{R})>2\pi$ $v$ label $v$ cone
angle $2\pi$ Lemma 2.2 $v$
cone angle $v$ label subpacking
$\tilde{R}$ $\theta_{v}(\tilde{R})\leq 2\pi$ $K(\tilde{R})$ subpacking
$K(\tilde{R})$ packing
Riemann $S$ ( $m$ ) circle packing $C$
$C$ cell complex $L(C)(2$
)
$\bullet$ $L(C)$ $C$
$\bullet$ 2 $C$ $C_{1}$ $C_{2}$ $C_{1}$ $C_{2}$
$S\backslash \cup\overline{C}$ 1 $I$ -$=$
$I$ $Q$ $I$ $C$ 4 $C_{1\text{ }}C_{2\text{ }}C_{3\text{ }}C_{4}$
$C_{i}$ $r_{i}(i=1, \ldots, m)$ $r=(r_{1}, \ldots, r_{m})$
$\alpha$ $C_{2}$ $Q$ $\beta$ $Q$ Brooks parameter $S$ $C$
$(r, \alpha, \beta)\in R^{m+2}$ $(r, \alpha, \beta)$ labelled simplicial complex
$L$ 2 $=$ $Q(r_{1}, r_{2}, r_{3}, \alpha, \beta)$
$S$ $(r’, \alpha‘, \beta’)\in R^{m+2}$ $(r, \alpha,\beta)$ $Q(r_{1}’, r_{2}’, r_{3}’, \alpha’, \beta’)$
$(r’,\alpha‘, \beta’)$ $L$ 2
$Q(r_{1}’, r_{2}’, r_{3}’, \alpha‘, \beta’)$ $L$
$L^{(0)}$ $2\pi$ cone angle $(r’, \alpha’, \beta’)$
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$L$ label $L(r’, \alpha’, \beta’)$ circle packing $C$ labelled cell complex
$|L(r’, \alpha’, \beta’)|$ label $(r‘, \alpha’, \beta’)$
\S 5. Theorem 1.3
$n=0$ Riemann Teichm\"uller $\mathcal{T}_{g,0}$ circle
packing points $C_{g,0}$ $\mathcal{T}_{g_{l}0}^{-}$ dense
$\mathcal{T}_{g,0}$ [f] $=[f:\Sigma_{g,0}arrow S]$
Riemann $S$ ( $m$ ) circle packing $C$
$S\backslash \cup\overline{C}$
$I$ 4
$C_{1\text{ }}C_{2\text{ }}C_{3\text{ }}C_{4}$ $C$ $C_{5\text{ }}\ldots$ $C_{m}$ $C_{i}$
$r_{i}^{0}$ $(1<i<m)$ $r^{0}=(r_{1}^{0}, \ldots, r_{m}^{0})$ 4 $C_{1\text{ }}C_{2\text{ }}C_{3\text{ }}C_{4}$
$Q$ $Q$ $Q(r_{1}^{0}, r_{2}^{0},r_{3}^{0},\alpha^{0}, \beta^{0})$
$\alpha^{0}$
$C_{2}$ $Q$ $\beta^{0}$ $I$ Brooks parameter
$C$ cell complex $L$ $(r^{0}, \alpha^{0}, \beta^{0})$ $L$ label
$|L(r^{0}, \alpha^{0},\beta^{0})|$ $S$
cell complex $L$ label $S$
emma3.2 - $Q$ $t_{0}(0<t_{0}<1)$
$t_{0}<t<1$ $C_{1\text{ }}C_{2\text{ }}C_{3\text{ }}C_{4}$ $t$ 4 (
$C_{1\text{ }}C_{2\text{ }}C_{3\text{ }}C_{4}$
) $tQ$ $Q$
$tQ$ $C_{2}$ $\alpha$o(t) Brooks parameter
$\beta$
0
$($ $tQ$ @01’ $tr_{2}^{0},tr_{3}^{0},\alpha^{0}(t),\beta^{0}(t))$ $\vee$
labelled cell complex $L(r^{0}, \alpha^{0}, \beta^{0})$ $r^{0}$ label
$tl_{\mathfrak{o}^{k}}^{j}$ $L(tr^{0}, \alpha^{0}(t), \beta^{0}(t))$ labelled cell complex Lemna $2.3<A$
$L(tr^{0},\alpha^{0}(t),\beta^{0}(t))$ $L(r^{0},\alpha^{0},\beta^{0})$
$Q$ $|L(tr^{0},\alpha^{0}(t),\beta^{0}(t))|$
$L$ $2\pi$ cone angle






$\bullet Q(tr_{1}^{0},tr_{2}^{0}, tr_{3}^{0}, \alpha^{0}(t), \beta^{0}(t)(\xi))$ $Q(tr_{1}^{0}, tr_{2}^{0}, tr_{3}^{0}, \alpha^{0}(t), \beta^{0}(t))$ J$\llcorner\grave\grave$
$\xi$
$\bullet\beta^{0}(t)(\xi)\in Q$





$\bullet$ 4 cone angle $2\pi$
$\xi$ $\beta(t)=\beta^{0}(t)(\xi)$
$\alpha(t)=\alpha^{0}(t)$ $i\neq 4$ $r_{i}(t)=tr_{i}^{0}$ $r(t)=(r_{1}(t), \ldots, r_{m}(t))$
$|L(r(t), \alpha(t), \beta(t))|$ $L$ $2\pi$ cone angle
$\beta(t)\in Q$ $Q(r_{1}(t),r_{2}(t), r_{3}(t), \alpha(t), \beta(t))$ Brooks
packing Brooks packing complex $L$
$L$ simplicial complex Brooks packing
$q$ $q$ $r_{m+1}(t)$ $\ldots$ rm$+$q(t) $\overline{r}(t)=$
$(r_{1}(t), \ldots,r_{m+}q(t))$ label $\overline{r}(t)$ labelled simplicial complex (r(t))
$|If_{t}(\overline{r}(t))|$ cone angle $2\pi$ 9
$IC_{t}(\overline{r}(t))$ subpacking Lemma 4.2 $If_{t}$ maximal packing
(
$\tilde$r(t)) $If_{t}(\tilde{r}(t))$ cone angle $2\pi$
$|$ (
$\tilde$r(t)) $|$ $=|L(\tilde{r}(t), \alpha(t), \beta(t))|$ 2
$|$ $(\tilde{r}(t))|$ –$=$ circle
packing $C(t)$ $L$ label
emma 5.1. $i(1\leq i\leq m)|^{\vee}.\chi_{\backslash }\dagger$ $tarrow 1$ $\tilde{r_{i}}(t)arrow r_{i}^{0}\square$
Lemma 5.1
$g$ $2\pi(2g-2)$ ( A )
Area $|L(r^{0}, \alpha^{0}, \beta^{0})|=A=$ Area $|IC_{t}(\tilde{r}(t))|$ $(t_{0}<\forall t<1)_{0}$
$t_{0}<t<1$
$A(t)$ $:=$ Area $|L(r(t), \alpha(t), \beta(t))|=$ Area $|IC_{t}(\overline{r}(t))|$
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$tarrow 1$ $(r(t), \alpha(t),\beta(t))arrow(r^{0}, \alpha^{0},\beta^{0})$ $|L(r(t), \alpha(t),\beta(t))|$
$|L(r^{0}, \alpha^{0}, \beta^{0})|$
$arrow 1$ $A(t)arrow A$ (1)
-ri( ) $\leq\tilde{r_{i}}(t)(1\leq^{-}i\leq m+q)$
$A$( $t$ ) $\leq A$ $(\text{ _{}0}<\forall t<1)$ (2)
$\epsilon>0$ $\lambda:=\min\{\text{ _{}0}r_{1}^{0}, \ldots,t_{0}r_{m}^{0}\}$ $\Lambda:=\max\{r_{1}^{0}, \ldots, r_{m}^{0}\}$
$0<\lambda<\Lambda<\infty$ Lemma 2.4 $\lambda$ $\Lambda$ $\epsilon$ $\delta$ $=\delta(\lambda, \Lambda, \epsilon)$
$(a, b, c)\in[\lambda, \Lambda]^{3}$ AreaT$(a+\epsilon, b, c)-AreaT(a, b, c)>\delta$
(1) $(2)$ $\eta>0$ 1- $<\eta$
$t$ $(1$ - $)r_{i}^{0}<\epsilon(1\leq i\leq m)$ $0<A-A(t)<\delta$
$1-t<\eta$ $t$ ( 0 $<$ t $<1$ ) $r_{i}(t)\leq\tilde{r_{i}}(t)(1\leq i\leq m)$
$r_{i}^{0}-\tilde{r_{i}}($ $)\leq r_{i}^{0}-r_{i}(t)(1\leq i\leq m)$ $r_{4}(t)>$ $r_{4^{\text{ }}}^{0}r_{i}($ $)=tr_{i}^{0}(i\neq 4)$
$r_{i}^{0}-r_{i}(t)\leq r_{i}^{0}-tr_{i}^{0}(1\leq i\leq m)$
$r_{i}^{0}-\tilde{r}_{i}(t)\leq r_{i}^{0}-tr_{i}^{0}=(1$ - $)r_{i}^{0}<\epsilon$ (3)
$\tilde{r_{l}}(t)-r_{l}^{0}\geq\epsilon$ $l\in\{1, \ldots, m\}$
Simplicial complex $l$ 2 $\sigma$
$\sigma$ 2 $j$ $\sigma$ $|IC_{t}(\tilde{r}(t))|$
$T_{1}:=T(\tilde{r_{l}}(t),\tilde{r_{j}}(t),\overline{r_{k}}(t))$ $\sigma$ $|$ (r(t)) $|$
$=|L(r($ $), \alpha(t), \beta(t))|$ $:=T(r_{l}(t),r_{j}($ $), r_{k}(t))$
$|$ ( $\tilde$r(t)) $|$ $|K_{t}(\overline{r}(t))|$ –$=$
$A-A(t)\geq AreaT_{1}-AreaT_{2}$ (4)
$r_{i}^{0}>r_{i}(t)(0\leq i\leq m)$ $(t)-r_{l}^{0}\geq\epsilon$ )
$\geq r_{l}^{0}+\epsilon>$ $+\epsilon$ $\geq$ $\overline{r_{k}}(t)\geq r_{k}(t)$ Lerna
2.1




$\lambda\leq t_{0}r_{i}^{0}\leq r_{i}(t)<r_{i}^{0}\leq\Lambda(1\leq i\leq m)$ $\delta$
(6) $\delta$ $\eta$ $t$ (6) $\delta$
$\tilde{r_{l}}(t)-r_{l}^{0}\geq\epsilon$ 1
$i(1\leq i\leq m)$
( $t$ ) $-r_{i}^{0}<\epsilon$ (7)
(3) $(7)$ $|\tilde{r_{i}}(t)-r_{i}^{0}|<\epsilon$
Lemma 5.1} $h$ $tarrow 1$ $|L(\tilde{r}(t), \alpha(t), \beta(t))|$ $t$ ) $i^{\grave{\dot{a}}\text{ }}|L(r^{0}, \alpha^{0}, \beta^{0})|$
$r_{i}^{0}$
$tarrow 1$ $|L(\tilde{r}(t), \alpha(t),\beta(t))|$ $|L(r^{0}, \alpha^{0},\beta^{0})|$
$tarrow 1$
$Q(\overline{r_{1}}(t),- r2($ $), \overline{r_{3}}(t), \alpha(t),\beta(t))$ $Q(r_{1}^{0},r_{2}^{0},r_{3}^{0},\alpha^{0},\beta^{0})$
Lemma2.5 $|L(r^{0},\alpha^{0}, \beta^{0})|$ $|L(\tilde{r}(t),\alpha(t),\beta(t))|$
$Q(r_{1}^{0},r_{2}^{0},r_{3}^{0},\alpha^{0}, \beta^{0})$ $Q(\overline{r_{1}}(t),\overline{r_{2}}(t),\overline{r_{3}}(t)$ ,
$\alpha(t),\beta(t))$
$\phi_{t}$ : $|L(r^{0}, \alpha^{0}, \beta^{0})|=Sarrow|L(\tilde{r}(t), \alpha(t),\beta(t))|=|IC_{t}(\tilde{r}(t))|$
Lemma 2.5 $tarrow 1$ $\phi_{t}$ dilatation $\kappa(\phi_{t})$ 1
$f_{t}:=\phi_{t}of$ $[f_{t}|=[f_{t}:\Sigma 9,oarrow|$ $(\tilde r(t))|]$ $|K_{t}(\tilde{r}\{t))|$
circle packing $C(t)$ $[f_{t}]$ circle packing point $[f]$ $[f_{t}]$




$\rho$ ( $[f]$ , [ft]) $arrow$ 0 $[f_{t}]$ $[f]$
$S\backslash \cup\overline{C}$ 2 1
$\square$
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